We show that the recent discovery of negative (conditional) quantum entropy reveals that measurement in quantum mechanics is not accompanied by the collapse of a wavefunction or a quantum jump. Rather, quantum measurement appears as a sequence of unitary operations which are reversible in principle, although ususally not in practice. The probabilistic nature of quantum measurement emerges from the positive entropy of the observed subsystem, which however is exactly cancelled by the negative entropy of the remaining (unobserved) part. Thence, the entropy of the combined system is unchanged while measurement itself is probabilistic. In this framework, uncertainty relations which characterize the measurement of incompatible variables emerge naturally, as do all well-known relations of conventional quantum mechanics. Yet, quantum measurement is unitary, causal, and free of any ad hoc assumptions. We apply this theory to standard quantum measurement situations such as the Stern-Gerlach and double-slit experiments to illustrate how randomness, inherent in the conventional quantum probabilities, arises in a unitary framework. Finally, the present view clarifies the relationship beween classical and quantum concepts.
I. INTRODUCTION
For seventy years it has remained a mystery how quantum measurement can be probabilistic in nature, and thus be accompanied by the creation of randomness or uncertainty, while at the same time being described by unitary evolution. This apparent contradiction has cast serious doubts on the very foundations of quantum mechanics. Meanwhile, the equations and predictions of the purportedly flawed theory enjoy unbridled, unequivocal success. In this paper we show that, against all odds, the probabilistic nature of quantum mechanics does follow from a completely consistent, unitary, description of the measurement process. The resolution of this seemingly unsurmountable paradox is found in a most surprising and unexpected feature of quantum information theory (QIT) as introduced by us recently [1] , namely that the quantum entropy of an entangled subsystem can be negative, quite unlike its classical counterpart. As we outline below, this allows for the creation of entropy in the measured part of a system which is counterbalanced by the negative entropy of the unobserved part. Clearly, such a feature allows for the hitherto unattainable conservation of entropy in the measurement process.
A more detailed investigation of the measurement process reveals that the collapse of the wavefunction is an illusion, brought about by the observation of part of a composite system that is quantum entangled and thus inseparable. Rather than collapsing, the wavefunction of a measured system becomes entangled with the wavefunction of the measurement device.
If prepared in a superposition of eigenstates, the measured system is not reduced to one of its eigenstates. In other words, a quantum jump does not occur. That this must be the case has of course been suspected for a long time, and it certainly is implicit in the quantum eraser experiments on which we shall comment below. Here we show that this feature emerges naturally if quantum entanglement is properly described in the language of QIT. Furthermore, due to the absence of a collapse of the wavefunction, our unitary description implies that quantum measurement is inherently reversible, overturning the common view. However, in an experiment where quantum entanglement is transferred to a macroscopic "pointer" variable (as is essential for classical observers) the reversibility is obscured by the practical impossibility of keeping track of all the atoms involved in the unitary transformation, rendering the measurement as irreversible as the classical mechanics of billiards. Thus, the apparent irreversibility of quantum measurement is understood entirely in classical terms.
In the next section, we briefly review the current state of quantum measurement theory, with emphasis on the standard von Neumann theory of measurement. In Section III, we outline those features of the quantum information theory introduced in [1, 2] which apply to quantum measurement, and point out the singular importance of quantum entanglement.
In Section IV we then proceed with a microscopic description of the unitary physical measurement process as anticipated by von Neumann, but properly interpreted within QIT.
We focus on the measurement of incompatible variables in Section V and show how one of the milestones of quantum physics, the uncertainty relation, emerges naturally from our construction. Alternatively, this Section can be read as describing unitary quantum measurement more formally, implying all the well-known relations of conventional quantum mechanics. Section VI discusses new insights into the interpretation of quantum mechanics brought about by our theory. There, we investigate the relationship between classical and quantum variables and propose a simple resolution to the Schrödinger "cat paradox". Also, we comment on the origin of the complementarity principle and the duality between waves and particles. We offer our conclusions in Section VII. Finally, Appendix A illustrates the interpretation of standard experiments of quantum mechanics within our framework.
There, we consider the basic Stern-Gerlach setup and "quantum erasure" in the standard double-slit experiment.
II. THEORY OF MEASUREMENT
The theory of measurement occupies a central role in quantum physics and has undergone a number of conceptual revolutions. Those range from the probabilistic interpretation of quantum mechanics by Born and the Copenhagen interpretation championed by Bohr (see e.g. [3] ), over von Neumann's seminal contribution in the "Grundlagen" [4] to more modern interpretations such as Everett's [5, 6 ] and Cramer's [7] .
Central to all these treatments is the problem of the collapse of the wavefunction, or state vector. To illustrate this process, consider for example the measurement of an electron, described by the wavefunction Ψ(q) where q is the coordinate of the electron. Further, let the measurement device be characterized initially by its eigenfunction φ 0 (ξ), where ξ may summarize the coordinates of the device. Before measurement, i.e., before the electron interacts with the measurement device, the system is described by the wavefunction Ψ(q)φ 0 (ξ) .
(2.1)
After the interaction, the wavefunction is a superposition of the eigenfunctions of electron and measurement device
Following orthodox measurement theory, the classical nature of the measurement apparatus implies that after measurement the "pointer" variable ξ takes on a well-defined value at each point in time; the wavefunction, as it turns out, is thus not given by the entire sum in (2.2) but rather by the single term
The wavefunction (2.2) is said to have collapsed to (2.3) .
A cornerstone of the Copenhagen interpretation of measurement was precisely this collapse, due to the interaction of a quantum object with a macroscopic, classical, measurement device. The crucial step to describe the measurement process as an interaction of two quantum systems [as is implicit in (2.
2)] was made by von Neumann [4] , who recognized that an interaction between a classical and a quantum system cannot be part of a consistent quantum theory. In his Grundlagen, he therefore proceeded to decompose the quantum measurement into two fundamental stages. The first stage (termed "von Neumann measurement") gives rise to the wavefunction (2.2). The second stage (which von Neumann termed "observation" of the measurement) involves the collapse described above, i.e., the transition from (2.2) to (2.3).
We now proceed to describe the first stage in more detail. For ease of notation, let us recast this problem into the language of state vectors instead. The first stage involves the interaction of the quantum system Q with the measurement device (or "ancilla") A. Both the quantum system and the ancilla are fully determined by their state vector, yet, let us assume that the state of Q (described by state vector |x ) is unknown whereas the state of the ancilla is prepared in a special state |0 , say. The state vector of the combined system |QA before measurement then is
The von Neumann measurement is described by the unitary evolution of QA via the inter-
operating on the product space of Q and A. Here,X Q is the observable to be measured, and P A the operator conjugate to the degree of freedom of A that will reflect the result of the measurement. We now obtain for the state vector |QA after measurement (e.g. at t = 1, puttingh = 1)
Thus, the pointer in A that previously pointed to zero now also points to the position x that Q is in. Following von Neumann, this simple operation reflects the correlation between Q and A introduced by the measurement. As we shall see below, in general this unitary operation introduces entanglement, which is beyond the classical concept of correlations.
In fact, the creation of entanglement in a von Neumann measurement 1 is generic. This is illustrated for typical measurement situations in Appendix A.
1 A general measurement can be described using a positive-operator-valued measure (POVM),
The second stage in von Neumann's theory of measurement, the observation of the pointer variable by a conscious observer (or a mechanical device with memory), is the key problem of measurement theory and the central object of this paper. Historically, this conundrum is usually couched into the question: "At what point does the possibility of an outcome change into actuality?" In the interpretation of this stage, von Neumann finally conceded to Bohr, who maintained that the "observing" operation (stage two), now distinct from the "measuring" process (stage one), is irreversible and non-causal. At first glance, there appears to be no escape from this conclusion, as a pure state (a superposition) seems to evolve into a mixed state (describing all possible outcomes), a process that cannot be described by a unitary operation. This becomes more evident if we apply the unitary operation described above to an initial quantum state which is in a quantum superposition:
Then, the linearity of quantum mechanics implies that
which is still a pure state. However, it does not reflect classical correlations between Q and A (as would the state |x + y, x + y ) but rather quantum entanglement. This realization is the content of the celebrated quantum non-cloning theorem [9] . Just like the wavefunction (2.2), the state vector (2.8) cannot describe the result of the observation of the pointer, as the pointer is classical and takes on definite values. Thus, a measurement will reveal A to be in the state |x or |y , the sum (2.8) will appear to have collapsed, and a "completely known" (fully described) quantum object seems to have evolved into one of several possible based on the decomposition of the identity operator into positive operators on the Hilbert space [8] .
The von Neumann measurement is a special case in which the positive operators are the orthogonal projection operators |X Q X Q | (which sum to identity because of the closure relation). The restriction to a simple von Neumann measurement, however, is sufficient for our purposes.
outcomes. This recurrent problem forced von Neumann to introduce a process different from unitary evolution to describe the second stage in quantum measurement, the observation of A in the entangled system QA. While he showed that the boundary between the observed system QA and the observer can be placed arbitrarily, he still concluded that "observation" must ultimately take place. Reluctantly, he suggested that the collapse of the wavepacket had to occur in the observer's brain, thereby allowing the concept of conciousness to enter in his description of measurement.
To this date, this problem is unsolved. A promising attempt at unravelling the mystery was presented by Everett [5] . In his interpretation, measurement is described exactly as outlined above, only the second stage never takes place. Rather, the different terms in the sum (2.2) or (2.8) are interpreted as the "records" of (conscious or mechanical) observers, each recording possible versions of reality, while only one particular term is available for one observer in a particular instantiation. The sum has been interpreted by DeWitt [6] as the wavefunction of a universe constantly branching at each quantum event. While internally consistent, the Everett-DeWitt interpretation suffers from the burden of unprovable ad hoc assumptions. Another interesting attempt is due to Cramer [7] , who invokes the exchange of retarded and advanced waves between elements of a measurement situation in the second stage of measurement. The difficulty to describe quantum measurement as unitary evolution is affecting areas of physics as diverse as black holes and quantum optics. Attempts at tackling the problem range from giving up unitarity in quantum mechanics to understand the production of entropy in Hawking radiation [10] , to describing quantum decoherence via a non-Liouvillian equation [11] . Most recently, it was suggested that using DNA as a microscopic measuring device [12] 
III. QUANTUM INFORMATION THEORY
In the standard information theoretical treatment of quantum measurement, classical (Shannon) information theory [14] is applied to probabilities derived from quantum mechanics. More precisely, the quantum probabilities of the different outcomes of the measurement of a quantum state are used to calculate the tradeoff between entropy and information that accompanies the measurement [15] . However, this treatment is incomplete, as the quantum probabilities entering Shannon theory are devoid of the phase information which characterizes quantum mechanical superpositions. To be consistent, quantum information theory needs to be based on density matrices only, rather than on probability distributions.
Let us summarize the information theoretical description of a quantum system that was introduced in Ref. [1] . A system A, described by a density matrix ρ A , has von Neumann entropy
where Tr A denotes the trace over the degrees of freedom associated with A. If ρ A is expressed in a diagonal basis, i.e., ρ A = a p(a)|a a|, the von Neumann entropy is equal to the classical (Shannon-Boltzmann-Gibbs) entropy
An important property of the von Neumann entropy S(A) is that it remains constant when the system A undergoes a unitary transformation. This is completely analogous to the Boltzmann entropy remaining constant under a reversible transformation in classical thermodynamics. As quantum mechanics only allows unitary time-evolution, the von Neumann entropy of any isolated system remains constant in time. The key realization now is that the quantum von Neumann entropy rather than Shannon entropy is in fact the physical entropy [1, 2] . At first sight this seems to contradict the observation that entropy is created in the measurement of the spin of, say, an electron, considering that the von Neumann entropy is zero for a pure state, independently of the choice of basis. As we outline below, the apparent entropy created in a spin measurement (if the spin is not aligned with the measurement axis) is actually the quantum entropy of part of an entangled system and is cancelled by the negative entropy of the (non-observed) remainder.
The substitution of probabilities (in classical information theory) by density matrices (in quantum information theory) becomes crucial when considering composite systems, such as AB. Indeed, the density matrix ρ AB of the entire system can in general not be written as a diagonal matrix, if changes of basis are performed on the variables associated to A and B separately. (Of course, ρ AB can always be diagonalized by applying a change of variables to a joint basis.) The composite system AB is associated with a von Neumann entropy
which can be written as
in perfect analogy with the equations relating classical entropies. Here, S(A|B) denotes the von Neumann entropy of A conditional on B, or the entropy of A knowing B, and is expressed as
the "conditional" density matrix defined in [1] . Here, ⊗ stands for the tensor product in the joint Hilbert space and ρ B = Tr A [ρ AB ] denotes a "marginal" density matrix, obtained by a partial trace over the variables associated with A only. The conditional density matrix defined here is just the quantum analog of the conditional probability in classical information theory. We also define a quantum mutual entropy
with
This mutual entropy can be written as
and is interpreted as the shared entropy ("mutual information") between A and B. Eqs. As an illustration, it is instructive to consider three simple cases of combined systems of two spin-1/2 particles with entropy 2 S(A) = S(B) = 1. In our first case I, let the particles be independent, each one being described by the density matrix
Then, the entire system has ρ AB = ρ A ⊗ ρ B , so that the total entropy is S(AB) = 2, while each system carries one bit of entropy (see Fig. 1b ). In our next case II, let the two particles be fully (classically) correlated, so that 
S(A|B) S(B|A) S(A) S(B) S(A:B) (a)
(case II)
This is a uniform mixture, with the two particles always in the same state (i.e., classically correlated). The respective entropies are also apparent from Fig. 1b . Our last case III is quantum entanglement, and corresponds physically to the situation which appears when a singlet state is created by the decay of a spin-0 particle into two spin-1/2 particles (creating an "EPR-pair"). Such a system is described by the EPR state
Here, ρ AB = |ψ AB ψ AB |, so that we have S(AB) = 0, as expected for a pure quantum state.
By taking a partial trace of ρ AB , we see that both subsystems A and B are in a mixed state
as in cases I and II. Such mixed states have positive entropy, yet, the combined entropy is zero in this case. Then, the conditional entropies are forced to be negative, S(A|B) = S(B|A) = −1, whereas the mutual information S(A : B) = 2 (this is illustrated in Fig. 1b ). This can be verified by straightforward evaluation. In general, conditional entropies are negative for any entangled quantum system. This situation violates the classical inequalities that relate Shannon entropies, and therefore corresponds to a purely quantum situation [1] . Cases I and II on the other hand are readily constructed classically, while case III is classically forbidden.
We can see now how an EPR entangled system (an EPR pair) plays a special role in quantum mechanics. The correlation between the elements of the pair [described by the mutual information S(A : B)] goes beyond anything classically achievable ("super-correlation"). A classical approach to understanding the correlations suggests that measuring half of an EPR pair immediately affects the other half, which may be arbitrarily far away. Classical thinking of this sort applied to an EPR pair is misleading, however. Indeed, a careful investigation of the information flow in EPR pair experiments reveals that causality is never violated. In
Ref. [1] we show that EPR pairs are better understood in terms of qubit-antiqubit pairs, where the qubit (antiqubit) carries plus (minus) one bit of information, and antiqubits are interpreted as qubits travelling backwards in time 4 . Note further that the EPR entanglement constraint [S(AB) = 0] for an EPR pair arises from the fact that it is created via a unitary transformation from a system initially in a zero entropy pure state (the decay of the spin-0 particle). This constraint implies that only one of the three entropies S(A|B), S(B|A), and
, is an independent variable. In other words, the entropy diagram of any entan- The description of quantum entanglement within QIT turns out to be very powerful when considering 3-body -or more generally n-body-quantum systems. Indeed, the possibility to have negative numbers in entropy diagrams opens up a realm of systems that are classically unimaginable [2] . Let us illustrate this for a system ABC in an EPR-triplet state (which will become crucial in the quantum measurement process), described by the wave function
As it is a pure state, its quantum entropy is S(ABC) = 0. When tracing over any degree of freedom (for instance the one associated with C), we obtain
corresponding to a classically correlated system of type II (see Fig. 1b ). We thus find S(A) = S(B) = S(C) = S(AB) = S(AC) = S(BC) = 1, allowing us to fill in the entropy diagram for the 3-body entangled state in Fig. 2a . The negative conditional entropies in this diagram 4 The term qubit denotes the quantum unit of information, which is the quantum analog to the betray that this state is purely quantum, unobtainable in classical physics. The fact that the mutual entropy between A, B, and C is zero in this case is actually generic of the description of any three-body sytem in a pure state [it follows from the constraint S(ABC) = 0, i.e., that ABC has been formed by applying a unitary transformation on a pure state]. The important feature of the EPR-triplet state is that it entails quantum entanglement between any part (e.g., C) and the rest of the system (AB). Even more important, ignoring (that is, tracing over) a part of it (C) creates classical correlation between the two remaining parts (A and B), as shown in Fig. 2b . In other words, the subsystem AB unconditional on C,
i.e., without considering the state of C, is indistinguishable from a type II system. This property is central to the understanding of the quantum measurement process, and will be emphasized throughout the following section. It is generalized without difficulty to the case of an EPR-nplet:
Ignoring (tracing over) any degree of freedom will create classical correlations between all the remaining degrees of freedom.
IV. MEASUREMENT PROCESS A. Second stage: observation
We have now prepared the ground to understand von Neumann's second stage. The crucial observation was touched upon briefly above: von Neumann entanglement (2.8) creates
super-correlations (a type III EPR-entangled state) between Q (measured quantum system) and A (ancilla), rather than correlations. The system QA thus created is inherently quantum, and cannot reveal any classical information. To obtain the latter, we need to create classical correlations between part of the EPR-pair QA and another ancilla A ′ , i.e., we need classical unit of information), see, e.g. [16] .
to observe the quantum observer. No new ingredients are needed for this. Rather, we simply allow the EPR entangled system QA to come into contact with a system A ′ , building the system QAA ′ . Subsequently, we apply a unitary transformation with an interaction Hamiltonian of the type (2.5), only that now it is defined on the combined Hilbert space of QA and A ′ . Clearly, this is just a repetition of the first stage, but now leading to an EPR triplet
All operations have been unitary, and QAA ′ is described by the pure state
Experimentally, however, we are only interested in the correlations between A and A ′ . Luckily, there is no obstacle to obtaining such classical -type II-correlations now (unlike in the case where only two particles where quantum entangled). Indeed, it is now immediately obvious to the attentive reader that, ignoring the quantum state Q itself, A and A ′ find themselves classically correlated and in a mixed state:
This is the basic operation (ignoring part of an EPR triplet) that was alluded to in the previous section, and which we will encounter again below.
In general, for the measurement of any quantum system in an N-dimensional discrete Hilbert space we obtain after tracing over Q
where the p i are the probabilities to find A (or A ′ ) in one of its eigenstates |i . This completes the second stage of the quantum measurement. A state was formed (AA ′ ) which appears to be mixed, while A, A ′ and Q were pure to begin with. Yet, this mixed state is quantum entangled with Q, which carries negative conditional entropy
such that the combined system QAA ′ is still in a pure state. Clearly therefore, a transition from a pure state to a mixed state (for the entire isolated system QAA ′ ) did not take place, whereas the quantum probabilities in the mixed state AA ′ correspond precisely to the square of the amplitudes of quantum mechanical measurement (see Section V). Quantum probabilities arise in unitary time development: the circle is squared, thanks to the negative entropy of the unobserved quantum system.
Let us emphasize now the fact that this view of measurement implies that conceptually three rather than just two systems must be involved. The "observation" of the measurement is possible only when a third system (a quantum particle or set of particles with a Hilbert space dimension at least equal to the dimension of the Hilbert space of Q) interacts with A (the ancilla which "measured" Q through von Neumann entanglement). Indeed, the classical intuition of measurement is built upon correlations, which can only emerge in the presence of a third system A ′ . The fact that A ′ need not be a microscopic object is an issue which will become important when we will be concerned with the amplification of the measurement. But, conceptually speaking, it is enough to say that A ′ is a particle that "observes" the measurement made by A on Q. Because classical observers are necessarily made out of a macroscopic number of particles, it is in practice necessary to have a large number of correlated particles A ′ , A ′′ , · · · in order to achieve a macroscopic measurement.
However, this is completely arbitrary: we may say that a measurement has been performed as long as the result is recorded on any kind of storage device 5 , in which case the size of A ′ , A ′′ , · · · simply depends on the number of particles in the measurement apparatus. As a matter of fact, just one particle living in the same Hilbert space as Q and A is enough to complete a conceptual measurement, so that the description of the system QAA ′ is enough to completely model quantum measurement. This process is usually called the amplification, or "classicization", of the quantum state A.
The two-stage measurement process including entanglement and amplification is pictured in Fig. 3 .
Before turning to the question of reversibility, let us stress the fact that the creation of entropy (in a subsystem) depends on the initial state of Q with respect to the observable under consideration. The fact that an arbitrary state cannot be duplicated (or cloned) plays a crucial role in the amplification process: the quantum non-cloning theorem [9] states that it is possible to amplify a quantum state (e.g. the state of A) only if it belongs to a set of orthogonal states. More precisely, when a quantum system Q is allowed to interact with an ancilla A in order to measure an observable O A , the eigenstates |a of O A define the set of orthogonal states that can be amplified (and which lead to a macroscopic device that reflects the microscopic state). An attempt at amplifying an arbitrary quantum state will generate entanglement between the particles constituting the macroscopic object. This entanglement then is responsible for the generation of randomness in the outcome. Accordingly, subsystem (AA ′ A ′′ · · ·) carries positive unconditional entropy, while the unobserved Q (which is traced over) carries the commensurate negative conditional entropy to allow for the zero entropy pure state of the entire entangled system QAA ′ A ′′ · · ·.
C. Reversibility
Let us close this section by stressing that, while quantum measurement is conceptually reversible, its irreversible appearance has the same roots as irreversibility in classical mechanics. This subsection can be skipped by those readers to whom this fact has now become obvious.
As explained previously, the amplification consists in repeating the basic von Neumann measurement a large number of times, until a macroscopic number of quantum particles are correlated with A. The whole (isolated) system is in a pure entangled state, but ignoring (tracing over) Q makes the rest of the system appear classically correlated. Yet, no irreversible process takes place. Randomness [the probabilities p n in (4.4)] is generated because A already appears to be random if one fails to take into account Q. This is the measurement analog of the random orientation of half of an EPR pair in an otherwise fully As a consequence, we see that only those quantum measurements can be reversed for which the ancilla A is not correlated with a macroscopic number of particles, i.e., when A is not explicitly observed by a macroscopic observer. However, the reversibility of the first stage of the measurement, the quantum entanglement, can, and has been, achieved. Common lore of double-slit experiments holds that just providing the possibility of performing a measurement (providing the opportunity to obtain "which-path" information, for example) is irreversible. As illustrated by the so-called "quantum-eraser" experiments, this is incorrect [17] . Indeed, providing the possibility of observation (rather than measurement itself) is, according to the unitary quantum measurement theory outlined here, just the von Neumann measurement (the first stage, or EPR entanglement), and is therefore completely reversible. In Appendix A, we analyse the quantum eraser setup in more details.
V. INCOMPATIBLE MEASUREMENTS AND UNCERTAINTY RELATIONS
We will now show that the uncertainty principle which characterizes the measurement of two incompatible observables arises naturally from our unitary description of the measurement process.
Let us perform two consecutive measurements on the quantum system Q. First, we measure the observable O A by allowing Q to interact with a (first) ancilla A. (The amplification stage of the measurement is ignored here for the sake of simplicity). Subsequently, we let the system Q interact with an ancilla B in order to measure observable O B . For illustrative purposes, we assume that Q is a discrete system which is initially described by the state
where |a i are the eigenstates of O A and N is the dimension of the Hilbert space associated with Q (or A, or B). The unitary transformation associated with the measurement of O A creates an entangled state for the joint system QA
where |i are the basis states of A, which label the different outcomes of the first measurement. In other words, if Q is in state |a i , the ancilla A ends up in state |i . As explained previously, if Q is initially not in one of the eigenstates of O A , QA will be entangled. Of course, S(QA) = 0, since it evolved unitarily from the pure state |Q, 0 . The marginal density matrix of A is obtained by tracing the density matrix ρ QA = |QA QA| over Q,
Consequently, the quantum entropy of A is given by
where H[p i ] denotes the classical (Shannon) entropy
associated with the probability distribution p i = |α i | 2 . This is in perfect agreement with the standard description of a measurement, which states that the outcome i occurs with a probability p i = |α i | 2 = | a i |ψ | 2 , i.e., it is simply the square of the quantum amplitude α i . Remarkably thus, the physical (von Neumann) entropy of A reduces precisely to the Shannon entropy for the outcome of the measurement, which is the one predicted by standard quantum mechanics. Yet, since A is entangled with Q, the physical entropy of the combined system remains zero.
We 
where |j are the basis states of B (again, this means that if B is in state j then Q was initially in b j ). This is also an entangled state, with zero entropy [S(QAB) = 0] since it was obtained by evolving a pure state using two unitary transformations. The marginal density matrix describing AB (ignoring the system Q) is given by
Note that ρ AB cannot be diagonalized by applying a change of variable of the product form
, except in the case where O A and O B commute. The marginal density matrices for A and B are given by
The quantum entropies of A and B then read
where q j|i = |U ij | 2 and H[q j ] is the classical (Shannon) entropy associated with the probability distribution q j . Here, q j|i can be understood as the conditional probability to obtain the outcome j for the second measurement, after having obtained outcome i for the first one.
Remarkably, the entropy of the second measurement H[q j ] is completely compatible with the standard assumption of a collapse of the wave function in the first measurement. Indeed, it corresponds exactly to what would be predicted in conventional quantum mechanics, by assuming that the wave function was projected on |a i with a probability p i = |α i | 2 after the first measurement, and interpreting |U ij | 2 as the probability of measuring j on an eigenstate |a i of the first observable. This reveals how the standard assumption of wave function collapse in measurement can be operationally correct, although we show here that it is not the actual physical process. Note that the first measurement can be viewed as inducing a "loss of coherence", as the second measurement yields
as would be the case if there was no first measurement.
For the combined system QAB on the other hand, there is of course no loss of coherence.
The entropy diagram corresponding to the state QAB is shown in Figure 4a 
where we defined the (classical) conditional entropy
This last quantity represents the additional amount of entropy that appears due to the second measurement. Figure 4b depicts the apparent entropy diagram of AB unconditional on Q, illustrating the basic equation where N is the dimension of the Hilbert space, as expected. This bound just corresponds to the situation where the conditional entropy S(Q|AB) takes on the largest negative value compatible with the dimension of the Hilbert space of Q. This is for instance the case if one measures any two spin-projections of a spin-1/2 particle. In this case, we obtain 
VI. INTERPRETATION
In this section we comment on the implications of unitary quantum measurement and the concept of quantum entanglement for the foundations and the interpretation of quantum mechanics.
The inability to consistently describe the measurement process in quantum mechanics -the quantum measurement paradox-has seriously discredited the foundations of a theory that otherwise describes the microscopic world succinctly, effortlessly, and correctly. The questions that we would like to address anew here concern the relation between quantum and classical concepts, the Schrödinger "cat paradox", as well as the interpretation of the complementarity principle.
In standard quantum mechanics, the only criterion to decide whether a classical or a quantum picture is more adequate involves comparing a representative unit of action of the system under consideration S typ with the unith. Such a criterion suggests that any macroscopic system that fulfills S typ ≫h behaves classically. Yet, the present paper proposes that EPR-entangled systems, whether microscopic or macroscopic, are fundamentally quantum and can in no limit be understood classically. We would like to suggest here that a degree of freedom appears classical if it composed of many [O(10 23 )] classically correlated internal variables. This occurs precisely when part of an entire isolated system which is in a pure quantum state is ignored (i.e., unobserved and traced over). Note that tracing over just one degree of freedoom that is entangled is enough to promote the classical appearance! Tracing over an unobserved degree of freedom is not a physical process, and is thus not described by any time evolution. Rather, a quantum measurement forces the observation of correlations unconditional on part of a (quantum inseparable) system. Thus, any classical degree of freedom has a "classical appearance" only because it is part of a larger quantum inseparable system in a pure state.
Let us consider this in more detail, as it suggests a very simple and satisfying explanation for the Schrödinger cat paradox. In this, perhaps the most well-known and most puzzling of all gedankenexperimente, the first stage of the measurement concerns a decaying atom and its emitted particle (say, a photon). Let us assume, as is usual, that the wavefunction (after some time) is a superposition of an "excited" atom A ⋆ and the vacuum, and a decayed atom A with one photon:
i.e., both atom and photon form an entangled state with vanishing overall entropy. Then, in the second stage of the measurement, the O(10 23 ) atoms forming the cat interact with the photon, forming an EPR-nplet for the entire quantum state -of course still a pure state. If we simplify the problem by assuming that the cat's quantum variable is dichotomic, with live and dead cat eigenstates |L and |D , the wave function becomes
Tracing over the initial atom (the experiment after all involves monitoring the cat, not the atom), one obtains a mixed state where all the 10 23 atoms are correlated with the emitted particle, i.e., they are arranged in such a way that the cat is either dead or alive (with probabilities 1/2):
This macroscopic system has an entropy of 1 bit, that is, randomness has been created.
More importantly, the density matrix is equal to that of a statistical ensemble prepared with equal numbers of dead and living cats, making both situations (the experiment and the preparation) physically indistinguishable. The randomness created in the cat-γ subsystem is compensated by a conditional entropy of -1 bit for the decaying atom. Since the entire system has vanishing entropy, it is still completely determined. Moreover, no such thing as a collapse of the cat wave function happens when the box is opened to an observer; what happens is simply that now all the atoms of the observer become also entangled with those of the cat:
where we introduced the dichotomic observer states |l and |d describing the observation of the live or dead cat. The corresponding marginal density matrix is
The observer notices that the cat is either dead or alive, and thus the observer's own state becomes classically correlated with that of the cat, although, in reality, the entire system (including the atom, the γ, the cat, and the observer) is in a pure entangled state. It is practically impossible, although not in principle, to undo this observation, i.e., to ressuscitate the cat, or, more precisely, to come back to the initial decaying atom, with a living cat and an ignorant observer 6) since it requires to enact the inverse unitary transformations on all the atoms forming the observer and the cat. This irreversibility is completely equivalent to the irreversibility in classical mechanics. Indeed, classically, to reverse the microscopic time evolution, it is necessary to invert the velocity of all the particles, the practical impossibility of which gives a macroscopic irreversible aspect to time evolution. In quantum mechanics, it is necessary to undo any unitary evolution associated with all interactions that particles have undergone, so that reversibility is practically impossible if a macroscopic number of particles have been involved. We are led to conclude that irreversibility is not an inherent feature of quantum mechanics.
Finally, the present approach sheds light on the origins of the complementarity principle, or wave-particle duality. On the one hand, we see that the wave function completely describes a quantum state, a fact eloquently argued for by Bohr. On the other hand, we cannot escape the appearance of randomness in the quantum measurement. These facts were interpreted by Bohr to be "complementary" to each other, much as the wave nature of quantum objects was viewed as "complementary" to its particle nature. Our identification of von Neumann entropy as the real, physical, entropy of a system corroborates that the quantum wave function does indeed provide a complete description of the quantum state, since the von Neumann entropy of a pure state is zero. Yet, we find that randomness is not an essential cornerstone of quantum measurement, but rather an illusion created by it. Thus, we are led to conclude that complementarity is a working concept, but has no ontological basis as a principle. The same appears to be true for the wave-particle duality. On the one hand we agree that quantum systems, due to the superposition principle, are wave-like in nature. This is inherent in the "completeness postulate of the density matrix" (see, e.g., [8] ), which implies that two systems prepared in the same density matrix, but by making different mixtures of pure states, are completely indistinguishable. On the other hand, the particle aspect of a quantum object emerges simply from the measurement process, when a wavefunction interacting with a measurement device appears as a mixed state. Thus, as we unmask the particle-like behavior of quantum systems to be an illusion created by the incomplete observation of a quantum (entangled) system with a macroscopic number of degrees of freedom, we are led to conclude once more that the wave-nature of quantum systems is fundamental, and that there is no particle-wave duality, only an apparent one.
VII. CONCLUSION
In conclusion, we are able to reconcile unitary evolution of quantum states and the apparent creation of randomness in the measurement process. This is achieved via the introduction of an elementary quantum measurement process (the EPR entanglement) in which entropy is conserved by balancing randomness with negative entropy. We show how the usual probabilistic results of quantum mechanics arise naturally in this description, paving the way for a fully consistent description of quantum mechanics in which the measurement device is not accorded a privileged role. This description does not require the concept of wave function collapse in order to predict the results of quantum experiments, thereby removing the special status of quantum mechanics as far as irreversibility is concerned. In addition, our analysis shows that, in spite of its appearance, any classical system is in fact an entity which is part of a larger quantum system. We believe this answers the question about the location of the frontier between the quantum and the classical world, with respect to measurement. We answer that there is no classical world, only the classical appearance of part of a quantum world. This view is especially satisfying as measurement, bereft of its special status outside of quantum mechanics (which it had been accorded to by the Copenhagen interpretation) and unencumbered by external notions such as consciousness (as advocated by von Neumann) is now part of a consistent theory defined without recourse to classical notions which, after all, should appear as a limit of a quantum theory only.
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Stern-Gerlach experiment
In the Stern-Gerlach experiment, a beam of atoms is guided through an inhomogenous magnetic field B z normal to the direction of motion of the atoms (see Fig. 5a ). In this field, the atoms experience a force deflecting them out of the beam, depending on the orientation of their magnetic moments with respect to the magnetic field axis. The beams are collected a distance away on a screen. Let us assume here for simplicity that the magnetic moments of the atoms take on only two different values (s = 1/2), and define σ z eigenstates | ↑ and | ↓ . If the incident beam consists out of atoms prepared in a σ x (say) eigenstate, the initial state is a quantum superposition
The auxiliary variable, or ancilla, is in this case a spatial location, say left or right (L, R).
Applying the magnetic field then completes the von Neumann measurement
Through this operation, the different spin-orientations have been "tagged" (the ↑ spin is tagged with a left location, and conversely), but it is incorrect to assume that spinorientations and locations are now correlated. Much more than that, they are entangled: Denoting as usual the system (atom) with Q, the ancilla (location) with A and the screen with A ′ (with eigenstates l and |r ), we obtain
which is the standard result: the spot on the screen reflects the L − R variable (classical correlation). Yet, the entropy of the combined system QAA ′ has not changed, still being zero. The randomness in the measurement result (the bit of entropy in the AA ′ system) is cancelled by the negative entropy of the unobserved quantum state Q,
It is important to observe that the randomness which may appear in the measurement of the position (collecting the particles on a screen or a detector) does not occur because there were unknown internal degrees, which along with the wave function, would be needed to completely describe the particle (cf. hidden-variable theory). The wave function entirely defines the state (it is indeed of zero-entropy).
It is well-known that if a second magnetic field gradient is used in order to perform a second Stern-Gerlach measurement (foregoing the collection on the screen) as depicted in again. This is a basic requirement for consecutive measurements of the same observable on a quantum system. In reality, this is nothing else than the classical correlation which appears when a pure quantum state is observed only partially. The two position variables x and y are classically correlated (mixed state) since one is ignoring the spin orientation (x, y, σ z form an EPR-triplet). This experiment is practically irreversible since the second stage of the measurement (classicization) occurs when detecting the particle after the second field gradient. Whenever no detector is placed after the field gradient, the "measurement" is easily reversible, but in that case it has not been observed by a macroscopic observer.
Quantum eraser
The quantum eraser experiment (see [17] ) provides a nice demonstration of how the first stage (von Neumann measurement, or "tagging") can be reversed. Several versions of this experiment have been performed. However, we restrict ourselves here to an idealized such experiment for convenience.
An eraser experiment can be visualized as a two-slit experiment using a beam of horizontally polarized photons (see Fig. 6 ). This beam is subsequently split in a crystal. When the split beams recombine, they produce the well-known interference pattern. However, a polarization rotator placed on, say, the left path (so that the polarization of one of the split beams -the left one -is changed from horizontal to vertical) will cause the interference pattern to vanish. This is in agreement with Feynman's rule: the paths are distinguishable since a photon traveling via the left path is vertically polarized at the screen, while a photon traveling along the right one remains horizontal. The standard explanation is that providing the "which-path" information precludes the existence of interference. The quantum eraser idea is that this which-path information can be erased, by inserting a polarization filter aligned on the diagonal direction between the recombined beams and the screen. Such a procedure makes it impossible to tell whether a photon was horizontally or vertically polarized beforehand. Accordingly, the interference pattern on the screen is resurrected.
We start with a pure beam of horizontally polarized photons (see Fig. 6 ). After the splitting of the beam, the quantum state of the photon is described by the state vector 
The crucial point is that, after tagging, the location and polarization variables are entangled and form an EPR-pair. Assuming, as is usually done, that the photon is either on the left path (with a vertical polarization) or on the right path (with a horizontal polarization) is classical intuition but decidedly wrong. This is actually not classical correlation between location (L or R) and polarization (H or V ); rather, the variables are entangled (or supercorrelated) carrying negative conditional entropies ensuring that the total entropy vanishes.
Indeed, the state |Ψ 2 is still a pure state, since it evolved from |Ψ 1 by a unitary transformation. At this stage, measuring the location λ of the photon (ignoring its polarization σ) yields a random variable (ignoring half of the EPR-pair gives a mixed state with positive entropy). Equivalently, measuring the polarization σ of the photon after recombining the beams (ignoring the phase hidden in the location variable λ) also yields a random variable.
However, in both cases, this positive entropy is exactly compensated by a negative conditional entropy such as to preserve an overall vanishing entropy. Location and polarization play the role of conjugate (or incompatible) variables that cannot be measured simultaneously. The entanglement in |Ψ 2 is responsible for the loss of coherence in the location variable (the marginal density matrix of λ is a mixture) which results in the disappearance of the interference pattern. This is obvious since the cross-terms in the square of |Ψ 2 vanish because |V and |H are orthogonal.
Yet, it can be seen easily that the eraser (the diagonally oriented polarization filter placed in front of the screen) reverses the "tagging" operation, so that the quantum state |Ψ 2 evolves back to a pure state
proportional to |Ψ 1 , up to a trivial rotation of the polarization vector. This resuscitates the interference pattern as the location variable is now unentangled. Indeed, the square of the wavefunction at position x on the screen is
where ψ L (x) = x|L for example. The quantum eraser experiment only concerns the first stage of the measurement, that is the possibility of observing a measurement. As explained earlier, only the latter can be reversed in practice, whereas the macroscopic recording of the polarization is (practically) irreversible. An attempt at recording the polarization σ of the photon after recombination but before erasure (see Fig. 6 ) to cheat the eraser into delivering an interference pattern and which-path information, involves entangling the polarization with an ancilla A with eigenstates |h and |v :
Such an action is enough to thwart any attempt at recovering the interference pattern.
Indeed, the action of the eraser on |Ψ ′ 2 yields
leaving the location variable λ entangled with A (which is typically a macroscopic number of internal variables which are classically correlated when ignoring λ). In contrast with |Ψ 3 , |Ψ ′ 3 does not give rise to an interference pattern, as it is completely analogous to Eq. (A6). The present discussion illustrates Feynman's rule stating that, in the case of a doubleslit experiment, a quantum state behaves as a particle whenever which-path information is extracted, and as a wave otherwise. As we saw above, which-path information is obtained by entangling the location variable λ. This operation by itself generates the appearance of a mixed state (and commensurate particle-like behavior) from a pure state (with wave-like behavior).
